1. Introduction. The usual method of determining the Plücker numbers for plane curves is generally laborious. However, in certain cases, by the use of special theorems, the numbers may be determined at once. Thus, the curve x\\X2'Xz=f{t)\<f>{t) :^(/), where/, <£, \f/ are polynomials of degree 3 in t and the coefficients of t 2 in each are zero, has one cusp.f Also any cusp or node at a vertex of the triangle of reference is easily recognized by the form of the equation. The purpose of this paper is to derive some of the properties of two functions that are useful in determining whether the rational cubic is nodal or cuspidal.
The Cubic Circumscribed about the Triangle of Reference.
The parametric equations of the cubic are
where X;, X l+2 , Si are the points of intersection of the cubic with the side Xi of the triangle, X* and Xi +2 being vertices. Let A represent the function (X 3 -si)(\i -s 2 )(X 2 -s 3 ) -(Xi -si)(X 2 -s 2 )(X 3 -Sz).
THEOREM 1. The cubic (1) has a cusp at one of the vertices of the triangle of reference or is nodal when A vanishes.
PROOF. The class of the cubic is given by the degree of X in the equation of a tangent line to the curve from any point (xi, #2, #3), after all common factors are eliminated. The tangent line is given by the equation
and bi, Ci, di are other functions of the same quantities. It is readily seen that not more than one of <ii, a 2 , a 3 can be zero without all being zero. When A =ai = 0, (X 3 -X 2 )(Xi -X 2 ) a 2 = 2 9 e 0, 03 -2X 2 + X 3 ) and
Also if a 2 = 0, then ai and a 3 are not zero; or if a 3 = 0, #i and a 2 are different from zero. Hence the cubic is nodal unless the coefficients of Xu #2, ocz in (2) have a common factor.
Suppose the coefficients of #i, x 2 , x 3 have a common factor X+ce. Make the transformation X=X' -a on X. The equation of the tangent line to the curve from any point (xi, # 2 , # 3 ) is given by (2) with primes on all the letters in the coefficients of xi, # 2 , x 3 . In particular, -(X/ -*i')(X 2 ' -* a ')(X 8 ' -*,') =A.
As X+a is a factor of the old coefficients, X' is a factor of the new ones. Therefore el, el, el are all zero. This happens when and only when X/ = s/ = s/+i = 0, which gives a cusp at a vertex.
It should be noted in the application of this theorem that a cubic with a cusp at a vertex of the triangle of reference is easily recognized, for a common square factor appears in two of the three parametric equations of the curve. Then, when A vanishes, the cubic is nodal if it is not of the above type. puts the crunodal cubic in the form (1), where Xi, X2, X 3 , Si, s 2 , s$ are, respectively, 2, 3, -7/5, 1/3, -5/7, 1/2 and for which ^4=0. Likewise a transformation can be found for which the acnodal cubic goes into the form (1) with A vanishing. 
